We present a precise calculation of the dilepton invariant-mass spectrum and the decay rate for B ± → π ± + − ( ± = e ± , µ ± ) in the Standard Model (SM) based on the effective Hamiltonian approach for the b → d + − transitions. With the Wilson coefficients already known in the nextto-next-to-leading logarithmic (NNLL) accuracy, the remaining theoretical uncertainty in the shortdistance contribution resides in the form factors f+(q 2 ), f0(q 2 ) and fT (q 2 ). Of these, f+(q 2 ) is well measured in the charged-current semileptonic decays B → π ν and we use the B-factory data to parametrize it. The corresponding form factors for the B → K transitions have been calculated in the Lattice-QCD approach for large-q 2 and extrapolated to the entire q 2 -region using the socalled z-expansion. Using an SU (3)F -breaking Ansatz, we calculate the B → π tensor form factor, which is consistent with the recently reported lattice B → π analysis obtained at large q 2 . The prediction for the total branching fraction B(B ± → π ± µ + µ − ) = (1.88
INTRODUCTION
Recently, the LHCb Collaboration has reported the first observation of the B ± → π ± µ + µ − decay, using 1.0 fb −1 integrated luminosity in proton-proton collisions at the Large Hadron Collider (LHC) at √ s = 7 TeV [1] .
Unlike the b → s + − transitions, which have been studied at the B-factories and hadron colliders in a number of decays, such as B → (K, K * ) + − and B s → φ + − [2] , the B ± → π ± µ + µ − decay is the first b → d + − transition measured so far. Phenomenological analysis of this process, under controlled theoretical errors, will provide us independent information concerning the b → d Flavor-Changing-Neutral-Current (FCNC) transitions in the B-meson sector. Hence, B
± → π ± µ + µ − decay is * ahmed.ali@desy.de † parkh@uniyar.ac.ru ‡ rusov@uniyar.ac.ru potentially an important input in the precision tests of the SM in the flavor sector and, by the same token, also in searches for physics beyond it.
The measured branching ratio B(B + → π + µ + µ − ) = [2.3 ± 0.6(stat) ± 0.1(syst)] × 10 −8 [1] is in good agreement with the SM expected rate [3] , which, however, like a number of other estimates in the literature [4, 5] , is based on model-dependent input for the B → π form factors. The Light-Cone Sum Rules (LCSR) approach (see, for example, Refs. [6] and [7] ) is certainly helpful in the low q 2 -region and has been used in the current phenomenological analysis of the data [1] . However, theoretical accuracy of the LCSR-based form factors is limited due to the dependence on numerous input parameters and wave-function models. Hence, it is very desirable to calculate the form factors from first principles, such as the Lattice QCD, which have their own range of validity restricted by the recoil energy (here, the energy E π of the π-meson), as the discretization errors become large with increasing E π . With improved lattice technology, one can use the lattice form factors to predict the de-cay rates in the B → π and B → K transitions (as well as in other heavy-to-light meson transitions) in the low-recoil region, where the lattice results apply without any extrapolation, in a model-independent manner. At present, the dimuon invariant mass distribution in the B + → π + µ + µ − decay is not at hand and only the integrated branching ratio is known. We combine the lattice input with other phenomenologically robust approaches to calculate the dilepton invariant-mass spectrum in the entire q 2 -region to compute the corresponding integrated decay rates for comparison with the data [1] . Our framework makes use of the methods based on the heavy-quark symmetry (HQS) in the large-recoil region, data from the B-factory experiments on the charged-current processes [8] B 0 → π − + ν and B + → π 0 + ν to determine one of the form factors, f + (q 2 ), and the available lattice results on the B → π and B → K transition form factors in the low-recoil region.
We recall that the decay B ± → π ± + − involves three form factors, two of which, f + (q 2 ) and f 0 (q 2 ), characterize the hadronic B → π matrix element of the vector current J (11) below). Using the isospin symmetry, the first two form factors are the same as the ones encountered in the charged-current processes B + → π 0 + ν and B 0 → π − + ν . Of these, the contribution to the decay rate proportional to f 0 (q 2 ) is strongly suppressed by the mass ratio m 2 /m 2 B (for = e, µ). The form factor f + (q 2 ) has been well measured (modulo |V ub |) in the entire q 2 -range by the BaBar [9, 10] and Belle [11, 12] collaborations. We have undertaken a chi-squared fit of these data, using four popular form-factor parametrizations of f + (q 2 ): (i) the Becirevic-Kaidalov (BK) parametrization [13] , (ii) the Ball-Zwicky (BZ) parametrization [6] , (iii) the Boyd-Grinstein-Lebed (BGL) parametrization [14] , and (iv) the Bourrely-Caprini-Lellouch (BCL) parametrization [15] . All these parametrizations yield good fits measured in terms of χ 2 min /ndf, where ndf is the number of degrees of freedom (see Table III ). However, factoring in theoretical arguments based on the Soft-Collinear Effective Theory (SCET) [16] , and preference of the Lattice-QCD-based analysis of the form factors f + (q 2 ), f 0 (q 2 ), and f T (q 2 ) in terms of the so-called z-expansion, and a variation thereof (see Ref. [17] for a recent summary of the lattice heavy-to-light form factors), we use the BGLparametrization as our preferred choice for the extraction of f + (q 2 ) from the B → π ν data. It should be noted that our analysis for the extraction of f + (q 2 ) is model independent as it is based on the complete set of experimental data. Meanwhile, there are also several theoretical non-perturbative methods which allows one to determine this form factor but usually in a limited q 2 -range, for example the LCSRs [7, 18, 19] and the k Tfactorization approach [20] , which are often invoked in estimating the vector B → π transition form factor.
In order to determine the other two form factors, f 0 (q 2 ) and f T (q 2 ), in the entire q 2 -domain, we proceed as follows: Lattice QCD provides them in the high-q 2 region. A number of dedicated lattice-based studies of the heavyto-light form factors are available in the literature. In particular, calculations of the form factors in the B → (K, K * ) + − decays, based on the (2 + 1)-flavor gauge configurations generated by the MILC Collaboration [21] , have been undertaken by the FNAL/MILC [22, 23] , HPQCD [24, 25] and the Cambridge/Edinburgh [26, 27] Lattice groups. We make use of the B → K lattice results, combining them with an Ansatz on the SU (3) Fsymmetry breaking to determine the f T (q 2 ) form factor for the B → π transition. Very recently, new results on the B → π form factors, in particular the first preliminary results on the tensor form factor f Bπ T (q 2 ), from the lattice simulations have also become available [28, 29] . While the analysis presented in Ref. [29] by the FermiLab Lattice and MILC Collaborations is still blinded with an unknown off-set factor, promised to be disclosed when the final results are presented, we use the available results on the f BK T (q 2 ) form factor by the HPQCD Collaboration [24, 25] as input in the high-q 2 region to constrain our Ansatz on the SU (3) F -symmetry breaking. Thus, combining the extraction of f + (q 2 ) from the B → π ν data, the Lattice-QCD data on f T (q 2 ) for the large-q 2 domain, and the BGL-like parametrization [14] in the form of z-expansion to extrapolate this form factor to the lower q 2 -range, we obtain the following branching ratio:
which has a combined accuracy of about ±15%, taking into account also the uncertainties in the CKM matrix elements, for which we have used the values obtained from the fits of the CKM unitarity triangle [30] . This result is in agreement (within large experimental errors) with the experimental value reported recently by the LHCb Collaboration [1] :
As the lattice calculations of the B → π form factors become robust and the dilepton invariant-mass spectrum in B + → π + µ + µ − is measured, one can undertake a completely quantitative fit of the data in the SM taking into account correlations in the lattice calculations and data.
In the SM, the b → d + − transition is suppressed essentially by the factor |V td /V ts | relative to the b → s + − transition. In terms of exclusive decays, first measurement of the ratio B(B + → π + + − )/B(B + → K + + − ) has been reported by the LHCb Collaboration [1] :
In the SM, this ratio can be expressed as follows:
where F π/K tot is the ratio resulting from the convolution of the form factors and the q 2 -dependent effective Wilson coefficients. Using F π/K tot = 0.87, and neglecting the errors on this quantity, LHCb has determined the ratio of the CKM matrix elements, yielding |V td /V ts | = 0.266 ± 0.035(stat.) ± 0.003(syst.) [1] . At present this method is not competitive with other determinations of |V td /V ts |, such as from the B (s) −B (s) mixings [2] , but with greatly improved statistical error, anticipated at the LHC and Super-B factory experiments, this would become a valuable and independent constraint on the CKM matrix. A reliable estimate of the quantity F π/K tot is also required. In particular, we expect that the error on the corresponding quantity, F π/K HQS (q 2 ≤ q 2 0 ), denoting the ratio of the partial branching ratios restricted to the lowq 2 domain, can be largely reduced with the help of the heavy-quark symmetry. We hope to return to improved theoretical estimates of
In the large-recoil limit, the form factors in the B → (π, ρ, ω) and B → (K, K * ) transitions obey the heavyquark symmetry, reducing the number of independent form factors [31] . In particular, the B → π form factors f 0 (q 2 ) and f T (q 2 ) are related to f + (q 2 ) in the HQS limit (see Eqs. (62) and (63) below). Taking into account the leading-order symmetry-breaking corrections, these relations get modified [32] , bringing in their wake a dependence on the QCD coupling constant α s (µ h ) and α s (µ hc ), where the hard scale µ h m b and the intermediate (or hard-collinear) scale µ hc = √ m b Λ, with Λ 0.5 GeV, reflect the multi-scale nature of this problem. In addition, a non-perturbative quantity ∆F π , which involves the leptonic decay constants f B and f π and the first inverse moments of the leading-twist light-cone distribution amplitudes (LCDAs) of the B-and π-meson also enters (see Eqs. (68) and (69) below). We have used the HQS-based approach to determine the f T (q 2 ) form factor in terms of the measured f + (q 2 ) form factor from the semileptonic B → π ν data, discussed above. This provides a model-independent determination of the dilepton invariant-mass distribution in the low-q 2 region.
Leaving uncertainties from the form factors aside, the other main problem from the theoretical point of view in the b → d + − transitions is the so-called longdistance contributions, which are dominated by thecc andūu resonant states which show up as charmonia (J/ψ, ψ(2S), . . .) and light vector (ρ and ω) mesons, respectively. Only model-dependent descriptions (in a Breit-Wigner form) of such long-distance effects are known at present, which compromise the precision in the theoretical predictions of the total branching fractions. Excluding the resonance-dominated regions from the dilepton invariant-mass distributions is therefore the preferred way to compare data and theory. With this in mind, we calculate the following partially integrated branching ratio
where the lower and upper q 2 -value boundaries are chosen to remove the light-vector (ρ-and ω-mesons) and charmonium-resonant regions. However, with the product branching ratios [30] :
2) × 10 −10 , the long-distance effects in the low-q 2 region are numerically not important.
Due to the small branching ratio, it will be a while before the entire dimuon invariant mass is completely measured in the B + → π + µ + µ − decay. Anticipating this, and following similar procedures adopted in the analysis of the data in the B → (K, K * )
+ − decays [33, 34] we present here results for the partial branching ratios dB(B
2 -intervals. They would allow the experiments to check the short-distance (renormalization-improved perturbative) part of the SM contribution in the b → d + − transitions precisely. This paper is organized as follows: In Section II, we present the dilepton invariant-mass spectrum dB(B + → π + µ + µ − )/dq 2 in the effective weak Hamiltonian approach based on the SM and the numerical values of the effective Wilson coefficients. Section III is devoted to the four popular parameterizations of the vector, scalar and tensor form factors. Section IV describes the fits of the semileptonic data on the B → π ν decays using the form-factor parametrizations discussed earlier. Section V describes the calculation of the form factors f 0 (q 2 ) and f T (q 2 ) for the B → π transition, using Lattice data as input in the high-q 2 region and the z-expansion to extrapolate it to low-q 2 . Section VI contains the calculation of the dilepton invariant-mass spectrum in the low-q 2 region, using methods based on the heavy-quark symmetry. In Section VII, we present the dilepton invariant-mass spectrum in the entire q 2 -region as well as the partial decay rates, integrated over eight different q 2 -intervals. A summary and outlook are given in Section VIII.
II.
THE
The effective weak Hamiltonian encompassing the
, in the Standard Model (SM) can be written as follows [35] :
where G F is the Fermi constant, V q1q2 are the CKM matrix elements which satisfy the unitary condition
(it can be used to eliminate one combination). In contrast to the b → s transitions, all three terms in the unitarity relation are of the same order in λ (V *
, with λ = sin θ 12 0.2232 [30] .
The local operators appearing in Eq. (6) are the dimension-six operators, and are defined at an arbitrary scale µ as follows [36, 37] :
where e is the electric elementary charge, g s is the strong coupling, T A (A = 1, . . . , N The Wilson coefficients C i (µ) (i = 1, . . . , 10) depending on the renormalization scale µ are calculated at the matching scale µ W ∼ M W , the W -boson mass, as a perturbative expansion in the strong coupling constant α s (µ W ) [37] :
and can be evolved to a lower scale µ b ∼ m b using the anomalous dimensions of the above operators to the
NNLL order [37] :
Feynman diagram of the B + → π + + − decay is displayed in Fig. 1 in which the solid blob represents the effective Hamiltonian H b→d eff (6) . The hadronic matrix elements of the operators O i between the B-and π-meson states are expressed in terms of three independent form factors f + (q 2 ), f 0 (q 2 ) and f T (q 2 ) as follows [38] :
where p µ B and p µ π are the four-momenta of the B-and π-mesons, respectively, m B and m π are their masses, and q µ = p µ B − p µ π is the momentum transferred to the lepton pair. The B → π transition form factors f + (q 2 ), f 0 (q 2 ) and f T (q 2 ) are scalar functions whose shapes are determined by using non-perturbative methods. Of these, using the isospin symmetry, f + (q 2 ) can also be obtained by performing a phenomenological analysis of the existing experimental data on the charged-current semileptonic decays B → π ν . In the large-recoil (low-q 2 ) limit, these form factors are related by the heavy-quark symmetry, as discussed below.
The differential branching fraction in the dilepton invariant mass q 2 can be expressed as follows:
where α em is the fine-structure constant, m is the lepton mass, τ B is the B-meson lifetime,
is the kinematic function encountered in three-body decays (the triangle function), and F (q 2 ) is the dynamical function encoding the Wilson coefficients and the form factors:
Note that the last term in Eq. (14) containing the form factor f 0 (q 2 ) is strongly suppressed by the mass ratio m 2 /q 2 for the electron-or muon-pair production over the most of the dilepton invariant-mass spectrum and will not be needed in our numerical estimates. The dynamical function (14) contains the effective Wilson coefficients C eff 7 (q 2 ), C eff 9 (q 2 ) and C eff 10 which are specific combinations of the Wilson coefficients entering the effective Hamiltonian (6) . To the NNLO approximation, the effective Wilson coefficients are given by [37, [39] [40] [41] [42] :
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where s = q 2 /m 2 B is the reduced momentum squared of the lepton pair. The quantity λ u above is the ratio of the CKM matrix elements, defined as follows:
which is expressed in terms of the apex angle α and the sides R t = (1 −ρ) 2 +η 2 and R b = ρ 2 +η 2 [30] of the CKM unitarity triangle, whereρ andη are the perturbatively improved Wolfenstein parameters [43] of the CKM matrix. The usual procedure is to include an additional term usually denoted by Y (q 2 ) [41, 44] into the C eff 9 (q 2 ) Wilson coefficient (16) which effectively accounts for the resonant states (mostly charmonia decaying into the lepton pair). The study of the long-distance effects based both on theoretical tools and experimental data on the two-body hadronic decays B → K ( * ) + V , where V is a vector meson decaying into the lepton pair V → + − , was undertaken recently in the context of the FCNC semileptonic decays B → K ( * ) + − [45] [46] [47] . The resonant contributions can be largely removed by a stringent cut, but they may have a moderate impact also away from the resonant region and are included in the analysis of the data. Similar analysis can be undertaken for the B → (π, ρ, ω) + − decays also, but is not yet performed [47] . We concentrate here on the short-distance part of the differential branching ratio.
Following the prescription of Ref. [41] , the terms ω i (s) accounting for the bremsstrahlung corrections necessary for the inclusive B → (X s , X d ) + − decays are omitted and, the following set of auxiliary functions is used: (24) where the required elements of the anomalous dimension matrix γ (0) ij can be read off from Ref. [37] . The numerical values of the scale-dependent functions specified above at three representative scales µ = 2.45 GeV, µ = 4.90 GeV and µ = 9.80 GeV are presented in Table I . In Eq. (16), m c and m b are the c-and b-quark masses, respectively, (24) , are shown at three representative renormalization scales: µ b = 2.45 GeV, µ b = 4.90 GeV and µ b = 9.80 GeV. The strong coupling αs(µ) is evaluated by the three-loop expression in the MS scheme with five active flavors and αs(MZ ) = 0.1184 [30] . The entries correspond to the top-quark mass mt = 175 GeV. The superscript (0) denotes the lowest order contribution while a quantity with the superscript (1) 
2 ) (1.047, −0.028) (1.024, −0.017) (1.011, 0.010) 
The renormalized α s -corrections F
1,2 (s) and F
1,2 (s) to the b → s + − matrix element originated by the O 1 -and O 2 -operators from the effective Hamiltonian (6) are known analytically both in the small-q 2 [39, 40] and largeq 2 [49] domains of the lepton invariant mass squared as expansions in √ z = m c /m b . Note that to obtain the invariant-mass spectrum and forward-backward asymmetry in the inclusive B → X s + − decays the F
1,2,8 (s) and F (9) 1,2,8 (s) functions were expressed in terms of master integrals and evaluated numerically [50] . The functions F (7) 1(2),u (s) and F (9) 1(2),u (s) which are important in the b → d + − transitions were also calculated analytically first as an expansion in powers of s [42] and later exactly [48] from which the later expressions are used by us as we are considering the B → π + − decay in the entire q 2 -region. The functions F
1,2 (s) (the top two frames) and F
1,2 (s) (the bottom two frames) are presented in Fig. 2 at the scale µ = m b and √ z = 0.36. The real and imaginary parts of these functions are shown by the solid and dashed lines, respectively. The functions F
1,2 (s) at √ z = 0, which are obtained analytically in Ref. [48] , are also shown in Fig. 2 . The vertical dashed lines specify the s-region where the expansions no longer hold. As the correct analytical functions in this region are not known for realistic value of √ z, we have extrapolated the known analytic expressions from above and below (i. e., using expansions in s and 1 − s) to a point in the intermediate region where the differential branching fraction has a minimal discontinuity. This allow us to get an approximate estimate of the perturbative part of the differential branching fraction in the gap between the J/ψ-and ψ(2S)-resonances.
In the analysis we also used the renormalized α scorrections F (7,9) 8
where the b-quark mass m b is assumed to be the pole mass.
To perform the numerical analysis one needs to know the B → π transition form factors f + (q 2 ), f 0 (q 2 ) and f T (q 2 ) in the entire kinematic range:
Their model-independent determination is the main aim of this paper, which is described in detail in subsequent sections.
III. FORM-FACTOR PARAMETRIZATIONS
Several parametrizations of the B → π transition form factors f + (q 2 ), f 0 (q 2 ) and f T (q 2 ) have been proposed in the literature. The four parametrizations of f + (q 2 ) discussed below have been used in the analysis of the semileptonic data on B → π ν . All of them include at least one pole term at q 2 = m 2 B * , where m B * = 5.325 GeV [30] is the vector B * -meson mass. As far as this mass satisfies the condition m B * < m B + m π , i. e., it lies below the so-called continuum threshold, it should be included into the form factor as a separate pole. Other mesons and multi-particle states with the appropriate J P = 1 − quantum number can be described either by one or several poles or by some other rapidly convergent function, both effectively counting the continuum. The tensor form factor f T (q 2 ) shows a similar qualitative behavior and its model function obeys the same shape as the vector one. The case of the scalar form factor f 0 (q 2 ) is different, as the first orbitally-excited scalar B * * -meson with J P = 0 + [51] has the mass squared above the continuum threshold t 0 = (m B + m π ) 2 = 29.36 GeV 2 and, hence, it belongs to the continuum which makes f 0 (q 2 ) regular at q 2 = m 2 B * , in contrast to f + (q 2 ) and f T (q 2 ).
A. The Becirevic-Kaidalov Parametrization
The form factor f + (q 2 ) in the Becirevic-Kaidalov (BK) parametrization [13] can be written as follows:
The fitted parameters are the formfactor normalization, f + (0), and α BK which defines the f + (q 2 ) shape [13] . This parametrization is one of the simplest ones. The shape of the tensor form factor f T (q 2 ) is the same (29) as it also has the pole at q 2 = m 2 B * below the continuum threshold. The scalar form factor f 0 (q 2 ) was also introduced in its simplest form [13] :
with the same normalization factor f + (0) but a different effective pole position determined by the free parameter β BK .
This form-factor parametrizations should be taken with caution, since the simple two-parameter shape is overly restrictive and has been argued to be inconsistent with the requirements from the Soft-Collinear Effective Theory (SCET) [16] .
B. The Ball-Zwicky Parametrization
The Ball-Zwicky (BZ) parametrization for the vector form factor f + (q 2 ) is a modified form of the BK parametrization, given as [6] :
, where the fitted parameters are f + (0), α BZ , and r BZ . f + (0) sets again the normalization of the form factor, while α BZ and r BZ define the shape [6] . In particular, for α BZ = r BZ one reproduces the BK parametrization (29) . The same redefinition is also applied to the tensor form factor f T (q 2 ). In a similar way the scalar form factor f 0 (q 2 ) (30) can be modified by introducing its own second free parameter r (0) BZ .
C. The Boyd-Grinstein-Lebed Parametrization
This parametrization was introduced for the form factors entering both the heavy-to-light [14] and heavy-toheavy [52] transition matrix elements and used in the analysis of the semileptonic B → D ( * ) ν [52] [53] [54] and B → π ν [14, 55] decays. The basic idea is to find an appropriate function z(q 2 , q 2 0 ) in term of which the form factor can be written as a Taylor series with good convergence for all physical values of q 2 so that the form factor can be well described by the first few terms in the expansion. The generalization of this parametrization to additional form factors entering rare semileptonic B → h L + − , where h L is the pseudoscalar Kor the vector ρ-or K * -mesons, and B s → φ + − decays, was undertaken in [56] . As this will be our default parametrization in our analysis, we discuss it at some length.
The following shape for the form factors f i (q 2 ) with i = +, 0, T is suggested in the BGL parametrization [14] :
where the following form for the function z(q 2 , q 2 0 ) is used:
with the pair-production threshold m [14, 52] , so that z min = 0. In this case, the maximal value z max = 0.52 for the B → π ν decay is not small but enough to constrain the form factor f + (q 2 ) [55, 57] . To decrease the value of z max , and improve the convergence of the Taylor series in Eq. (32), it was proposed to take a smaller (optimal) value of q following [9] , so that −0.34 < z(q 2 , q 2 0 ) < 0.22 in the entire range 0 < q 2 < m 2 − . The proposed shape (32) for the form factor contains the so-called Blaschke factor P (q 2 ) which accounts for the hadronic resonances in the sub-threshold region q 2 < m 2 + . For the semileptonic B → π ν decay, where is an electron or a muon, there is only the B * -meson with the mass m B * = 5.325 GeV satisfying the subthreshold condition and producing the pole in the form factor at q 2 = m 2 B * . In this case, the Blaschke factor is simply
, and P (q 2 ) = 1 for f 0 (q 2 ). The coefficients a k (k = 0, 1, . . . , k max ) entering the Taylor series in Eq. (32) are the parameters, which are determined by the fits of the data. The outer function
is an arbitrary analytic function, whose choice only affects particular values of the coefficients a k and allows one to get a simple constraint from the dispersive bound [55] [59]:
This restriction can be achieved with the following outer function [60] :
, where n I = 3/2 is the isospin factor, while the values of K i , α i and β i are collected in Table II . The numerical quantities χ
fi are obtained from the derivatives of the scalar functions entering the corresponding correlators calculated by the operator product expansion method [55, 56, 58] . In the two-loop order at the scale µ b they are as follows [56] : 
10 + 2π fi are presented in Table II . They agree well (up to 5%) with the ones presented in Table 2 of [56] , despite differences in the input parameters. Note that the BaBar Collaboration [9] used approximately the same value χ (0)
in the analysis of the B 0 → π + − ν decays. Having relatively small values of z(q 2 , q 2 0 ) in the physical region of q 2 , the shape of the form factor can be well approximated by the truncated series at k max = 2 or 3 [53] .
D. The Bourrely-Caprini-Lellouch Parametrization
The problems with the from-factor asymptotic behavior at |q 2 | → ∞ and truncation of the Taylor series found in the BGL-parametrization [15, 16] were solved by the introduction of another representation of the series expansion (called the Simplified Series Expansion -SSE [56] ). The shape suggested for the vector f + (q 2 ) form factor [15] was extended to the other two, scalar f 0 (q 2 ) and tensor f T (q 2 ), form factors [56] : − is projected onto a symmetric interval on the real axis in the complex z-plane). The prefactors 1/(1 −q 2 * ) in f + (q 2 ) and f T (q 2 ) allow one to get the right asymptotic behavior ∼ 1/q 2 predicted by the perturbative QCD. In Ref. [15, 16] an additional restriction on the series coefficients was discussed. In particular, in the case of f + (q 2 ) at q 2 ∼ m 2 + , the threshold behavior of the form factor results in a constraint on its derivative, df + /dz| z=−1 = 0 [15] , which allows one to eliminate the last term in the truncated expansion as follows:
In the case of f 0 (q 2 ) the threshold behavior is different and a similar relation is not applied. A detailed analysis of the additional constraints based on the threshold behavior of the tensor f T (q 2 ) form factor in the B → π transition has not yet been performed. This behavior, however, is not expected to be very different from the one found for the vector f + (q 2 ) form factor. So, one may as well put the condition on the derivative df T /dz| z=−1 = 0 in this case, which allows to eliminate the last term in the truncated expansion for f T (q 2 ). This was used in the analysis applied for fitting the tensor B → K transition form factor by the HPQCD Collaboration [25] .
The charged-current Lagrangian inducing the b → u transition in the SM is:
where g is the SU (2) L coupling, V ub is the element of the CKM matrix, u(x) and b(x) are the u-and b-quark fields, and W (x) is the W -boson field. Feynman diagram for the B 0 → π − + ν decay is shown in Fig. 3 and the one for the B + → π 0 + ν decay differs by the exchange of the spectator-quark flavor (d → u) only. The B → π transition matrix element entering the B-meson decay B → π ν can be parametrized in terms of two form factors f + (q 2 ) and f 0 (q 2 ) as follows [62, 63] :
Here, p B (m B ) and p π (m π ) are the four-momenta (masses) of the B-and π-mesons, respectively. In the isospin-symmetry limit, the form factors in the chargedcurrent matrix element (44) are exactly the same as the ones in Eq. (10) in the FCNC process B → π + − . Measurements of the B 0 → π − + ν and B + → π 0 + ν decays, where = e, µ, allow to extract both the CKM matrix element |V ub | and the shape of the f + (q 2 ) form factor. The differential branching fractions of the above processes can be written in the form [30] :
where G F is the Fermi constant, C P is the isospin factor with C P = 1 for the π + -meson and C P = 1/2 for the π 0 -meson, λ(q 2 ) is the standard three-body kinematic factor (13), q µ = p µ + p µ ν is the total four-momentum transfer, bounded by m 2 ≤ q 2 ≤ (m B − m π ) 2 , and p µ and p µ ν are the four-momenta of the charged lepton and the neutrino, respectively. In general, the B → π transition matrix element (44) depends on two form factors. In practice, however, only f + (q 2 ) is measurable in the B → π ν decays with = e, µ, since the contribution of the scalar form factor f 0 (q 2 ) to the decay rate is suppressed by the mass ratio of the charged lepton to the B-meson [63] .
The values of G F , m B , and m π are known with high accuracy [30] , while the experimentally derived value of |V ub | depends somewhat on the extraction method and B-meson decays considered. This is discussed at great length in the Particle Data Group (PDG) reviews [30] . The value quoted from the analysis of the exclusive B → π ν decay is listed there as |V ub | = (3.23 ± 0.31) × 10 −3 . On the other hand, assuming the SM, the CKM unitarity fits yield a value of |V ub | which is consistent with the previous value, but is about a factor 2 more precise [30] :
+0.15
−0.14 ) × 10 −3 , which we use as our default value in the numerical estimates.
The partial branching fractions for the B 0 → π − + ν decays has been measured by the CLEO, BaBar and Belle collaborations, and for the B + → π 0 + ν decays by the Belle Collaboration. Below we give the total branching fraction of the B 0 → π − + ν decay taking into account the recent data from the BaBar and Belle collaborations [11, 12, 64, 65] : 
All these measurements are in excellent agreement with each other, and with the one for the B + → π 0 + ν decay reported by the Belle Collaboration [12] :
Both the collaborations have presented differential distributions in q 2 relevant for the extraction of f + (q 2 ) from data [11, 12, 64, 65] . We show them in the next subsection, where also our fitting procedure is presented.
B. Fitting Procedure
In this subsection the extraction of the f + (q 2 ) formfactor shape from the dilepton invariant-mass spectra in the B 0 → π − + ν and B + → π 0 + ν decays measured by the BaBar [64, 65] and Belle [11, 12] collaborations is explained. All four f + (q 2 ) form-factor parametrizations from Sec. III are examined to test their consistency with the experiment in terms of the best-fit values resulting from the χ 2 -distribution function [30] .
The fitted form factor is presented as a function of q 2 which contains a set of k unknown parameters α 1 , . . . , α k :
Given the experimental values y i of the partial branching fractions ∆B(q 2 )/∆q 2 in bins of q 2 , with their uncertainties σ i , the χ 2 -distribution function is defined as follows [30] :
where N is the number of experimental points and F (x i ; α 1 , . . . , α k ) denotes the theoretical estimates of the partial branching fractions ∆B(q 2 )/∆q 2 for the given parametrization:
with x i and a i being the center and the width of the ith bin. The standard minimization procedure of the χ 2 -function (minimum of this function is denoted as χ Table III . In this analysis we have assumed that the experimental points are all uncorrelated.
From Table III it follows that the smallest value for χ 2 min /ndf corresponds to the simplest BecirevicKaidalov parametrization. From the rest of the specified parametrizations, the Boyd-Grinstein-Lebed one has the smallest χ 2 min /ndf value and we will use it for all the form factors entering the B → π + − decay. The combined analysis of the BaBar and Belle data yields the following set of fitted parameters entering the f + (q 2 ) form factor expansion in the BGL parametrization, truncated at k max = 2:
The extracted numerical values depend on the CKM matrix element |V ub | and correspond to the PDG value [30] : |V ub | = (3.51
+0.15
−0.14 ) × 10 −3 . The errors specified in the coefficients (51) are the square roots of the covariance matrix U ij for the BGL form-factor coefficients which can be derived from the χ 2 -function (49) as follows [30] :
whereα k are the best-fit values of the fitting parameters. The function F (x i ; α 1 , . . . , α k ) in the BGL form factor depends linearly on the unknown parameters, which simplifies the analysis. The corresponding correlation matrix r ij is connected with the covariance matrix by the relation r ij = U ij /(σ i σ j ), where σ 2 i is the variance of α i . For the BGL form factor with the truncation at k max = 2, the following (3 × 3) correlation matrix was obtained: 
One can see the sizable correlation of the third coefficient a 2 in the z-expansion with the other two a 0 and a 1 . This is shown in Fig. 6 . The relative error on the coefficient a 2 is approximately 40% as can also be seen in Eq. (51). The results from the combined analysis of the BaBar [65] and Belle [11, 12] data sets are shown in Fig. 7 (upper plot) . Following the numerical analysis presented above, the resulting shape of the f + (q 2 ) form factor is presented on the lower plot in Fig. 7 , using the BGL parametrization and the PDG value |V ub | = (3.51
−0.14 ) × 10 −3 [30] . The existing Lattice-QCD results [66] on the f + (q 2 ) form factor are presented as vertical bars on the lower plot in Fig. 7 , which are in good agreement with our estimate of the same in the overlapping q 2 -region (within the uncertainties of the lattice data, as indicated).
V.
DETERMINATION OF f0(q 2 ) AND fT (q 2 ) SHAPES As pointed out earlier, the form factor f 0 (q 2 ) is not required for either the charged-current decay B → π ν or the FCNC semileptonic B → π + − decay with = e, µ, as its contribution to the branching fraction is suppressed by the smallness of the lepton mass squared. However, for the sake of completeness involving the semileptonic processes with ± = τ ± , we also work out the f 0 (q 2 ) form factor. The information on the form factors f + (q 2 ) and f 0 (q 2 ) for the B → π and B → K transitions is available, though the lattice results on the B → π form factor f T (q 2 ) are still scant. For our analysis, we use an Ansatz for the SU (3) F -symmetry breaking to obtain the shape of f Bπ T (q 2 ) from the corresponding B → K form factor f BK T (q 2 ). We show subsequently that our Ansatz, which assumes that the SU (3) F -symmetry breaking in f T (q 2 ) is an average of the corresponding symmetry-breaking effects in the form factors f + (q 2 ) and f 0 (q 2 ), yields an f The parameters in f 0 (q 2 ) can be obtained from the existing results of the B → π transition form factor calculated by the HPQCD Collaboration [66] . In addition we use the exact relation between f + (q 2 ) and f 0 (q 2 ) at q 2 = 0:
which follows from the requirement of the finiteness of the B → π transition matrix element (10) at this point.
To fix f 0 (0), we use the reference point f + (0) = 0.261 ± 0.014, extracted by us from the experimental data. The form-factor parametrization we use for f 0 (q 2 ) follows our default choice from the analysis of f + (q 2 ) -the BGL expansion in z(q 2 , q 
One sees strong correlations among all the fitted parameters, which can be well approximated as linear. The resulting shape is shown in Fig. 8 . The solid (green) lines specify the from-factor uncertainty which grows with increasing q 2 . This trend is reflected also in the lattice data [66] (shown by the vertical bars in Fig. 8) .
B. The fT (q 2 ) Form Factor
As already mentioned, there is at present only scant information from the lattice on the B → π tensor form factor f Bπ T (q 2 ). So, one needs to find a reliable method to extract it from the existing model-independent data. We use an SU (3) F -symmetry breaking Ansatz involving both the B → K and B → π transition form factors. We recall that all three B → K transition form factors f
(q 2 ) and f BK T (q 2 ) have been calculated recently by the HPQCD Collaboration [24, 25] and the two B → π transition form factors f Bπ + (q 2 ) and f Bπ 0 (q 2 ) are also known [66] . Of course, lattice results are available only in the small-recoil limit. With this at hand, we first estimate the SU (3) F -symmetry-breaking corrections in the already known vector and scalar form factors and use these corrections to estimate the B → π tensor form factor f Bπ T (q 2 ) from the corresponding B → K transition form factor f BK T (q 2 ). We introduce the following measures of the SU (3) F -symmetry breaking corrections in the transition form factors:
where i = +, 0, T . The curves for the SU (3) F -symmetry breaking functions R + (q 2 ) and R 0 (q 2 ), calculated for the central values of the form factors from the lattice for the (Color online.) The two-dimensional correlations among the fitted parameters a0, a1 and a2 entering the BGLparametrization of the form factor f+(q 2 ): a0 − a1 (upper-left plot), a0 − a2 (upper-right plot) and a1 − a2 (lower-left plot). The three-dimensional correlation among all three fitted parameters is shown in the lower-right plot.
small-recoil region, are presented in the upper plot in Fig. 9 . As expected, breaking effects of order 10% are seen in both the ratios. We expect that the SU (3) Fsymmetry breaking effect in the third ratio, R T (q 2 ), is of the same order. For the sake of definiteness, we assume that the ratio R T (q 2 ) of the tensor form factors is the average of the other two: R + (q 2 ) and R 0 (q 2 ),
We estimate the accuracy of this relation in the low-q 2 region, where the methods based on HQS (and its leadingorder breakings) can be gainfully used to quantify it (see Sec. VI C for details). We expect that this relation holds to a good extent in the remaining large-q 2 region, and estimate the associated uncertainty to be about 5%. The corresponding function R T (q 2 ) is presented in the upper plot in Fig. 9 as the central curve. Explicit values of this function in the small-recoil region are presented in Table IV. The errors reflect the uncertainties of the lattice calculations and we assume that the errors in the B → π and B → K transition form factors are uncorrelated. The values of the f Bπ T (q 2 ) form factor are then obtained by rescaling them from the known values of the f BK T (q 2 ) form factor [25] by utilizing the relation:
They are presented in Table IV . The variance of f form factor is shown on the lower plot. The BGL parametrization is adopted as the preferred choice. Results are obtained by combining the experimental data by the BaBar [65] and Belle [11, 12] collaborations and, in addition, the value |V ub | = (3.51
+0.15
−0.14 )×10 −3 [30] is used to extract explicitly the form-factor shape. The existing Lattice-QCD data [66] on the form factor are presented as the vertical bars on the lower plot.
relation between the form factors in the large-recoil limit of the π-meson [31, 38] 
Strong correlations among the fitted parameters are observed similar to the case of f Bπ 0 (q 2 ). The resulting f Bπ T (q 2 ) form factor is shown in the lower plot in Fig. 9 . Recent preliminary results [67] for this form factor at large q 2 from the HPQCD Collaboration [28] are also presented in this figure. The symbols (F1, F2, C1, C2, C3) and the corresponding lattice-data points denote the various lattice ensembles used by this collaboration for performing the numerical simulations, which are the same as the ones used in the calculation of the B → K transition form factors [24, 25] , namely the MILC N f = 2 + 1 asqtad gauge configurations. Good agreement of the lattice data on f Bπ T (q 2 ) in the largeq 2 region with our results based on using the SU (3) Fsymmetry breaking Ansatz is evident in this figure.
As all the form factors in the B → π transition are now determined, using data and the Lattice QCD, we can now make model-independent predictions for the shortdistance part of the dilepton invariant-mass spectrum and the decay width in the semileptonic B → π + − decays. As the long-distance effects dominate in the resonant regions (such as of the J/ψ-and ψ(2S)-mesons), which at present are not precisely calculable, a sharper contrast of the SM predictions and data is obtained in FIG. 9. (Color online.) The SU (3)F -symmetry breaking functions R+(q 2 ), R0(q 2 ) and RT (q 2 ) (the upper plot) in the q 2 -range accessible by the Lattice-QCD simulations and the tensor B → π transition form factor fT (q 2 ) (the lower plot) in the entire kinematic region. The sets of vertical bars in the large-q 2 region are the preliminary results from the HPQCD Collaboration [28] presented at the Lattice-2013 Conference. The legend on the lower plot specifies the lattice ensembles as used in the B → K transitions [25] by the HPQCD Collaboration.
limited regions of q 2 , which we present in subsequent sections.
VI.
A. HQS Limit
As discussed in the Introduction, one can apply the heavy-quark symmetry techniques to relate the form factor f T (q 2 ) in B ± → π ± + − to the measured form factor f + (q 2 ) in the charged-current decay B → π ν , in the large-recoil (or low-q 2 ) region. As shown in Ref. [38] , in the HQS limit (i. e., without taking into account symmetry-breaking corrections), f 0 (q 2 ) and f T (q 2 ) are [30] , except for the B-meson leptonic decay constant fB, whose value is taken from Lattice-NRQCD [68] . proportional to f + (q 2 ):
In the HQS limit, there is only one independent form factor f + (q 2 ), the shape of which can be extracted from the analysis of the B 0 → π − + ν and B + → π 0 + ν , which we presented in Sec. IV. The decay rate of B + → π + + − in the HQS limit is greatly simplified and takes the form:
where the dynamical function F (q 2 ), defined in Eq. (14) , is now reduced to the following expression:
and the kinematic function λ(q 2 ) is given in Eq. (13) . Restricting ourselves to the NLL results for the effective Wilson coefficients (i. e., dropping the α s (µ)-dependent terms in them) and using the f + (q 2 ) formfactor shape extracted in terms of the BGL parametrization from the combined BaBar and Belle data, and the numerical values of the different quantities entering (64) from Table V 
B. Including HQS-Breaking Correction
Heavy-quark symmetry, which holds in the large-recoil limit, allows one to get relations among the B → π form factors [31] . Taking into account the leadingorder symmetry-breaking corrections, these relations were worked out in Ref. [38] :
where C F = 4/3. The strong coupling α s (µ) depends on the specific scales of the contributing diagrams, which we take as the hard µ h ∼ m b and hard-collinear µ hc ∼ √ m b Λ scales, where Λ 0.5 GeV is the typical soft hadronic scale. The auxiliary function L(q 2 ) is defined as follows [38] :
with the normalization L(0) = 1, and the contributions of the hard-spectator diagrams are parametrized by the quantity [38] :
Here, f B and f π are the leptonic decay constants of the B-and π-mesons, respectively, and the following first inverse moments of the B-and π-mesons are used:
which are completely determined by the leading-twist light-cone distribution amplitudes φ B + (l + ) [69, 70] and φ π (u) [71] [72] [73] [74] [75] [76] [77] [78] [79] . With the input parameters m B , f B and f π from Table V, and the moments evaluated as ū (1.86 ± 0.17) GeV −1 [80] , we estimate ∆F π = 0.74 ± 0.12. This is numerically somewhat smaller than the value ∆F π = 1.17 used in Ref. [38] . This difference reflects the observation that the π-meson is well described by the asymptotic form of the twist-2 LCDA φ π (u) = 6u (1 − u), and the first subleading Gegenbauer moment a 2 (1 GeV) = 0.10 ± 0.14 [81] is consistent with zero.
Taking into account the symmetry-breaking corrections, and the NNLO effects in the effective Wilson coefficients, the partial branching fractions, integrated in the ranges of q 2 as in Eqs. (66) and (67), are decreased. We get
= (0.65
= (0.57
which mainly reflects the NNLO effects in the Wilson coefficients. The corresponding dilepton invariant-mass distribution in the large-recoil approximation (q 2 ≤ 8 GeV 2 ) is shown in Fig. 10 . The vertical line shows the lightresonance (ρ, ω, and φ) region collectively. The upper bound on q 2 is imposed to avoid the large (resonant) contribution from the long-distance process Ansatz can be easily determined in the kinematic region where the HQS-based methods apply. These will be worked out below and used to project also the accuracy in the large-q 2 region. We note that the lattice data already provides a reliable estimate of the r.h.s. of Eq. (58), but only preliminary lattice data [28] are available for the l.h.s., involving the tensor form factors.
Taking into account the leading-order HQS-symmetrybreaking effects, all three B → P transition form factors, where P is a light pseudoscalar meson, are related, as shown in Eqs. (68) and (69) . This then allows one to relate the SU (3) F -symmetry breaking measures:
and
Here ∆f Kπ = f K /f π − 1 0.23 is the SU (3) F -symmetry breaking in the leptonic decay constants (f π 130 MeV and f K 160 MeV [30] ). The first inverse moments of the K-and π-mesons ū [82, 83] (the other terms in the Gegenbauer decomposition do not affect the ratio ∆F K /∆F π significantly). Keeping terms linear in ∆f Kπ , a K 1 (µ hc ) and R + (q 2 ) only in the hard-collinear correction, the measures of the SU (3) Fsymmetry breaking become:
where the reduced massm P = m P /m B (P = π, K) and the reduced momentum transfer squared is defined aŝ To quantify the validity of the Ansatz (58), let us introduce the following function:
whose deviation from zero quantitatively determines the accuracy of our SU (3) F -breaking Ansatz. Using Eqs. (79) and (80), ∆R(q 2 ) can be estimated as follows:
There are two competitive contributions: the first one is coming from the reduced mass difference, and the second one combines the perturbative corrections in the form factors (the HQS-breaking corrections due to the hardspectator contributions).
To remove the term induced by the K-and π-meson difference from ∆R(q 2 ), we define a reduced functioñ R T (q 2 ) as follows:
and a reduced analogue of the ∆R(q 2 ) function:
In the low-q 2 region (say, 0 ≤ q 2 ≤ 14 GeV 2 or 0 ≤ q 2 ≤ 1/2), the deviation of this function from zero is completely determined by the hard-spectator corrections in the form factors:
The input parameters are as follows: C F = 4/3, the hardcollinear scale µ hc = 2 GeV, α s (m τ ) = 0.330 ± 0.014 [30] ,
Bπ + (0) = 0.260 ± 0.014 (our estimate), ∆F π = 0.74 ± 0.12 (our estimate), ∆f Kπ = f K /f π − 1 = 0.23 [30] , a K 1 (2 GeV) = 0.05 ± 0.02 [82, 83] . In addition, we need to know R + (q 2 ). Ignoring the mild q 2 -dependence, we set R + (q 2 ) R + (0), and discuss some representative estimates of R + (0). The most recent lattice result for the B → K vector form factor is by the HPQCD Collaboration [24, 25] [45] is compatible with the above lattice predictions within the uncertainties. After the insertion of the lattice estimates in Eq. (85), the results are as follows:
So, the effect of the hard-scattering corrections is below 1% in the kinematic domain considered. Coming back to the numerical evaluation of ∆R(q 2 ), defined in (81), using the estimates (86) given above, one obtains: So, the uncertainty of the Ansatz (58) can be evaluated to be approximately 3% in the considered range of q 2 . The estimates presented above support the Ansatz (58) within an accuracy of about 3%. To which degree of accuracy, this Ansatz also holds in the high-q 2 domain will be tested as the lattice calculations of all the B → π transition form factors become completely quantitative. We include an additional error of 5%, ascribed to the error on the Ansatz (58) in the determination of the tensor form factor f Bπ T (q 2 ).
VII.
In the low hadronic-recoil region (large-q 2 ), heavyquark symmetry does not hold, and we have three in-
We have given a detailed account of their determination in the preceding sections. The vector form factor f + (q 2 ) is determined taking into account the Belle and BaBar data on B → π ν , and fitting several parametrizations, with the BGL-parametrization as our default choice. We have used the HQS-based method, including the leading-order symmetry breaking, in the low-q 2 region (q 2 ≤ 8 GeV 2 ), and the experimentally constrained form factor f + (q 2 ) to determine the other two form factors f 0 (q 2 ) and f T (q 2 ). Finally, we have used the available Lattice-QCD results for the form factors f BP i (q 2 ) (i = +, 0, T ) in the large-q 2 region, obtained for the B → K and B → π transitions. As the lattice data on f Bπ T (q 2 ) is still sparse, we have determined this form factor from the lattice data on f BK T (q 2 ), and an Ansatz for the SU (3) F -breaking. We have tested the accuracy of this Ansatz in the low-q 2 region, and find it to hold within 3%. This dedicated study has removed the largest source of theoretical uncertainty originating from the form factors.
Before presenting our numerical results, we discuss the choice for the parameter √ z = m c /m b entering the NNLO corrections. The NNLO corrections to the b → s + − transition matrix element [49] , which we have adapted for the exclusive b → d + − case discussed by us here, are available in the literature both as the Mathematica and the C++ programs [49] , from which the former one was implemented in our own Mathematica routine. We need to fix this ratio in terms of the c-and b-quark pole masses. The three-loop relation between the pole m pole and MS-schemem(m) masses [85] [86] [87] can be used to get the c-and b-quark pole masses. Staring from the values collected in Table V , the ratio m c (m c )/m b (m b ) = 0.305 ± 0.006 can be transformed into the ratio of the pole masses m c,pole /m b,pole = 0.402 ± 0.008. In [88] , additional electroweak corrections to the relation between the pole and the MS quark masses were taken into account with the resulting pole masses: m c,pole = 1.77 ± 0.14 GeV and m b,pole = 4.91 ± 0.12 GeV, with the ratio m c,pole /m b,pole = 0.36 ± 0.03. This value is used by us as input for √ z in calculating the c-quark loop-induced corrections.
The invariant-mass spectrum in the entire range of q 2 (4m 2 < q 2 < 26.4 GeV 2 ) is presented in Fig. 11 . Once again, we emphasize that this represents only the shortdistance contribution. The dashed vertical lines specify the light-meson resonant region, shown at q 2 < ∼ 1 GeV 2 , as well as of the J/ψ-and ψ(2S)-mesons. In the calculation of this spectrum, Wilson coefficients are used in the NNLO accuracy. In the perturbative improvement, the auxiliary functions F (7) 1,2 (q 2 ) and F
1,2 (q 2 ) entering the next-to-leading correction in C eff 9 (q 2 ) are known analytically as power expansions in s = q 2 /m 2 B and in 1 − s (as shown in Fig. 2) . As explained earlier, we have extrapolated these functions into the intermediate q 2 -region. In doing this, we have matched the known analytical functions in the form of expansions at the "matching" point q 2 12.5 GeV 2 , at which value the spectrum has the minimal discontinuity (see Fig. 11 ). This yields an invariant-mass spectrum which is a smooth function of q 2 , within uncertainties. It is important to note that the "matching" point q 2 12.5 GeV 2 lies in the ψ(2S)-resonance region which is dominated by the long-distance effects. Away from the resonance regions, the shortdistance contribution to the differential branching fraction dominates and the discontinuity in the spectrum discussed earlier is not a crucial issue.
Our predictions for the partial branching fractions dB(B ± → π ± + − )/dq 2 in eleven different q 2 bins are presented in Table VI . The total branching fraction of the semileptonic B ± → π ± µ + µ − decay is as follows: 
where the individual uncertainties are from the scale dependence µ b of the Wilson coefficients, the CKM matrix element |V td |, and the form factors (FF), as indicated. The resulting average uncertainty is about 15%, which is dominated by the scale dependence of the Wilson coefficients and can be reduced after the scale-dependence of the tensor form factor f Bπ T (q 2 ) is worked out properly in the entire q 2 -range. The branching fraction for the semileptonic B ± → π ± e + e − decay is the same as (88) , as the additional contribution induced by the shift to the lower kinematic values of q 2 = 4m 2 e 1 MeV 2 is negligible. The use of the isospin symmetry allows to make predictions for the B 0 → π 0 + − decay also. Neglecting the effects of the isospin symmetry breaking in the B → π transition form factors which are expected to be a few percent, the main modification is the isospin factor C π 0 = 1/2 in the final state due to the π 0 -meson structure. Taking this into account, our predictions for the partial branching fractions are as follows: 
where = e or µ, and for the total branching fraction we estimate: 
The above decay rates B(B 0 → π 0 + − ) will be measured at the forthcoming Super-B factory at KEK.
VIII. SUMMARY AND OUTLOOK
We have presented a theoretically improved calculation of the branching fraction for the B ± → π ± µ + µ − decay, measured recently by the LHCb Collaboration [1] .
In doing this, we have used the effective Wilson coefficients C + − decays [37, [39] [40] [41] [42] . Some of the auxiliary functions, called F 
1,2 (q 2 ), F
1,(2),u (q 2 ), F Fig. 2 . We have interpolated in the gap, which introduces some uncertainty, but being part of the NNLO contribution, it is not expected to be the dominant error. Theoretical uncertainties are dominated by the imprecise knowledge of the form factors, f Bπ + (q 2 ) and f Bπ T (q 2 ). We have extracted the shape of the former from data on the charged-current process B → π ν , measured at the B-factories. Among the four popular parametrizations, the BGL (Boyd, Grinstein and Lebed) z-expansion was chosen as our working tool. For the tensor form factor f Bπ T (q 2 ), heavy-quark symmetry provides the information in the low-q 2 (large-recoil) region, in which this form factor is related to the known factor f Bπ + (qan estimate of the dilepton invariant-mass spectrum for q 2 ≤ 8 GeV 2 . For larger values of q 2 , we have used the SU (3) F -symmetry-breaking Ansatz and knowledge of the form factor f BK T (q 2 ) from lattice QCD. Comparison with the preliminary results by the HPQCD Collaboration studies of the form factor f Bπ T (q 2 ) in the low-recoil (or large-q 2 ) region [28] shows a good consistency with our results. This then provides us a trustworthy profile of the two form factors needed in estimating the entire dilepton invariant-mass spectrum and the partial branching ratio. The combined accuracy on the branching ratio is estimated as ±15%, and the resulting branching fraction B(B ± → π ± µ + µ − ) = (1.88
+0.32
−0.21 ) × 10 −8 is in agreement with the LHCb data [1] . We have provided partial branching fractions in different ranges of q 2 , which can be compared directly with the data, as and when they become available.
Note added in Proofs. Recently, the analysis of the B → π ¯ and B → πρ¯ decays in the relativistic quark model has been presented in Ref. [89] . The main difference in comparison with our analysis is that the B → π transition form factors were determined theoretically by utilizing the relativistic quark model based on the quasipotential approach and QCD. The total branching fraction B(B ± → π ± µ + µ − ) = (2.0 ± 0.2) × 10 −8 is in good agreement with our result.
